Abstract: A panoramic overview is given, of a theorem [1] establishing physical and uniform bounds on the Fourier-transformed Schwinger functions of a massless φ 4 theory in four Euclidean dimensions, at any loop order in perturbation theory.
A panoramic overview is given, of a theorem [1] establishing physical and uniform bounds on the Fourier-transformed Schwinger functions of a massless φ 4 theory in four Euclidean dimensions, at any loop order in perturbation theory.
The first step to set up the perturbative framework is to specify a free quantum theory describing a massless scalar field by fixing a centered Gaussian measure on S ′ (R 4 ), µ C Λ,Λ 0 R , whose covariance C Λ,Λ 0
is assumed to be a distribution in S ′ (R 8 ) acting as a positive bilinear form on test functions. > 0 denotes the variable of the formal perturbative series. The short-distance behavior (smoothness) of C Λ,Λ 0 (x) as a function is controlled by Λ 0 > 0 (known as ultra-violet, UV, cutoff), while the long-distance regularity is controlled by 0 < Λ ≤ Λ 0 (infra-red, IR, cutoff). C Λ 0 ,Λ 0 vanishes. When Λ 0 tends to infinity and Λ tends to zero, C Λ,Λ 0 (x) approaches the standard free propagator x ∂ −2 0 . For any R > 0, the non-negative function χ R ∈ C ∞ c R 4 satisfies the "finite-volume" constraint χ R (x) = 1 for any |x| ≤ R.
For any N ∈ N, and any L ∈ N 0 the Schwinger functions in momentum space are defined bŷ
where A, B 2 , B 4 are formal series in , whose coefficients are fixed order by order by appropriate renormalization conditions, in such a way that the "UV+IR limit"
In particular, it turns out for a massless theory that A, B 2 are of order O( ), while B 4 = g 0 + O( ). From (1) and (2) Schwinger functions satisfy the "Polchinski" renormalization group (RG) flow equations, [3] (see [4] for an introduction), which in their perturbative form read:
where ] p e , and the sum on the r.h.s. of (3) runs over all disjoint (possibly empty) sets E ′ , E ′′ whose union gives [0 : N − 1], as well as over all non-negative integers L ′ , L ′′ whose sum gives L. When the field has a mass m > 0, it is not difficult to use the RG equations to bound Schwinger functions in momentum space (see e.g. [4] ). Such bounds are simple but clearly unphysical because they depend polynomially on external momenta; moreover, they diverge when the mass vanishes and the IR limit is taken. More physical bounds have been proved in the massive case, [5] .
The goal of the "existence and boundedness theorem" in [1] is to extend the ideas in [5] to obtain physical, uniform bounds for the massless case. The theorem assumes that the Fourier-transformed covarianceĈ Λ,Λ 0 (p) is O(4) invariant, smooth in some sense, and such that Λ 3 ∂ ΛĈ Λ,Λ 0 (p) and Λ , there exist a polynomial P L of degree ≤ L and with non-negative coefficients, as well as a set of weighted trees T N,2L,w , such that (when e.g. N ≥ 4)
for any Λ 0 > 0, 0 < Λ ≤ Λ 0 and p [N−1] ∈ R 4(N−1) . In (4), µ > 0 is the renormalization scale; |p [N−1] | := sup e |p e |; |p| Λ := sup(Λ, |p|); log + x := log sup(1, x).
is the set of internal lines of the weighted tree T ; k i is the momentum flowing through the internal line i, and θ(i) > 0 is the total weight associated to i.
The sets T N,R,w (R ∈ N 0 ) satisfy two properties; nestedness: T N,R,w ⊆ T N,R+1,w ; saturation: T N,R,w = T N,3N−2,w for any R ≥ 3N − 2. The set T N,R,w=0 (corresponding to the absence of derivatives w.r.t. external momenta) is defined as the set of all T = (τ, ρ) in which τ is a tree and ρ : I (T ) → {1, 2} is a line weight, such that: a) τ has N external lines and vertices of coordination number in {3, 4}; b) the number of vertices with coordination 3 is ≤ R; c) i∈I(T ) ρ(i) = N − 4; d) there is a bijection among the vertices of coordination number 3 and the internal lines with ρ = 1. In the case w = 0 one has θ(i) = ρ(i).
